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Atomistic simulation methods such as molecular dynamics require an efficient calculation of interatomic forces and
stresses from pre—defined interatomic potentials. Both analytical and numerical approaches can be used to do this.
Analytical approach directly calculates forces and stresses using analytical formulae, and can therefore yield accurate
results. However, the force and stress expressions may become extremely complicated as the complexity level of the
potential increases, resulting in a prolonged development cycle to implement new potentials. Numerical approach uses
finite difference method to evaluate forces and stresses through simple calculation of energies at selected perturbations
of crystal configurations. The method can be quickly implemented and tested for any potentials. However, it may result
in significant numerical errors. We have compared analytical and numerical calculations of interatomic forces and
stresses in molecular dynamics, and identified the conditions where numerical method can be successfully used without

significant errors.
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1. Introduction

Molecular dynamics simulations have become powerful
tools for analyzing assembly phenomena encountered
during the vapor phase synthesis of nanostructured
devices and identifying the optimized process conditions
to create desired structures. These studies revealed
phenomena that are difficult to see using experimental
approaches, such as modulated energy deposition effects
on interfaces [1], surfactant—mediated growth [2] and
pin—hole formation during oxidation of ultra—thin Al
layer [3].

A major time spent to develop a MD approach for
simulating complicated material structures lies in the
calculation of interatomic forces and stresses from a
pre—defined interatomic potential. For closely packed
metal systems, the embedded atom method (EAM)
potential initially developed by Baskes and Daw [4] can
be successfully applied [1,2,5]. EAM potentials have
simple analytical equations for forces and stresses. Our
recent potential model [6] combining charge transfer
ionic potential (CTIP) and EAM potential has been
successful to simulate the growth of amorphous AlOy

barrier layer on a magnetic metal alloy surface [3].
However, this CTIP 4 EAM potential has not yet
incorporated the angular dependence. As a result, it is
difficult to be fitted to complex oxide crystal structures.
In covalently bonded semiconductor systems such as Si,
Ga and As, etc. the interactions between atoms are
strongly angular dependent. Numerous angular depen-
dent empirical potentials have been developed for these
materials [7—10]. Frequently applied ones include
Tersoff [9] and Stillinger—Weber [10] potentials.
Unfortunately, these potentials still do not contain
sufficient physical insights to allow the relative stability
of a variety of phases to be correctly ordered [11].
Based upon a tight binding approximation to multi—
body quantum mechanics, a theoretically reliable
analytic bond-order potential (BOP) for II-V
covalently bonded semiconductors has been developed
and is being continuously improved [12—-18]. Such a
potential was found to describe well the crystal lattices
and the relative order of the cohesive energies of a
variety of Ga, As and GaAs phases [11]. To capture the
complex surface reconstruction of GaAs surfaces, BOP
needs to be combined with an electron counting
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potential (ECP) [19]. While it is thought that more
physics of bonding in material systems can be captured
by using a BOP + CTIP + ECP potential, the complex-
ity of the potential format becomes a significant
hindrance for any practical applications. For instance,
the most basic BOP that includes both o and 7 bonding
as well as promotion energy [17] requires a book to
merely record the analytical expressions for interatomic
forces and stresses derived using Mathematica software
package. As a result, a direct implementation of
analytical force and stress calculation, especially the
validation of the code, can become a significantly
prolonged process. The problem may be compounded
because the potential formats need to be continuously
modified during the initial development stage. A force
and stress calculation approach that can be -easily
implemented and validated is, therefore, extremely
helpful to expedite the development of the potential. If
the potential formats are matured and an analytical
implementation of the potential is finally preferred, then
this rapid approach can also help test the analytical
implementation.

A finite difference numerical method based on the
calculations of energies at selected perturbations of
crystal configurations can be used to evaluate interatomic
forces and stresses. This approach can be implemented
and tested rapidly and is almost independent of the
complexity level of the potentials. However, certain
numerical conditions must be satisfied before this
method can produce accurate results. Here, we use
literature Tersoff potential of silicon as an example to
compare analytical and numerical calculations of
interatomic forces and stresses. The conditions
under which the numerical method can yield almost
identical results to those from analytical approach are
identified.

2. Analytical force expressiosns for EAM and Tersoff
potentials

To examine how the analytical calculations change with
the format of potentials, we first discuss the analytical
force expressions derived using EAM and Tersoff
potentials. In EAM, the total energy of a crystal can
be calculated using [4]

E= ZF (p) + ZZZ% (ry) (1)

i=1 j=i

where F; represents the embedding energy to embed an
atom |/ into its site in the crystal where the local
background electron density is p;, ¢; is a pair potential
between atoms i and j separated by a distance r;, N is
the total number of atoms in the system and i, and iy are
the first (1st) and the last (Nth) neighbor atoms of atom i
(i.e. within a cut—off distance of the potential from

atom i. The electron density at the location of atom i, p;,
can be approximated as a summation of total
contribution from neighboring atoms of atom i:

pi =y aj(ry) )

J=i

where a; refers to the electron density produced by atom
j at the location of atom i. In a crystal, the three force
components acting on a given atom i in the x, y and z
axes arise from the energy derivatives associated with
the motion of atom i in these three directions. Within
EAM formulation, the motion of atom i can cause the
change of embedding energy at locations of both i and j,
and the change of pair energy between i and j. The force
components can be easily derived as

fin _ _ii |:6I;i(Pi) aaj(r,-j) + aFj(pj) aa,-(r,-j) 4 atpl:j(l’,j)
= L opi 0r apj Ay arjj

5 Ve = T 3)

rij

where =1, 2 and 3 refers to x, y and z directions,
and r; represents the a coordinate of atom i. In equation
(3), the first term accounts for the embedding energy
change at the location of atom i, the second term
accounts for the embedding energy change at the
location of atom j, and the third term arises from the pair
potential energy change. Here we can see that the
analytical force calculation for EAM potentials is very
simple.

For Tersoff potential, the total energy of a crystal is
written as [9]

222%(@) B;Va(ry)] )
i=1 j=i

Here, two pairwise potentials, Vz and V,, are defined,
respectively, by

Vi(ry) = 5 exp[ Biin/2Si(rij = re))fe(ry) ()

’J

and

SiiD,
Valry) = S exp [Bl,,/ (rj = uﬂ}fc(nj) (6)
ij ”

where D,, S, B and r, are species (i and j) dependent
constants, and f.(7) is a cut-off smoothing function. The
species dependent function Bj; introduces the angular
dependence. B;; is written as

By= (1) ™
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Here v, n are species dependent constants, and the
species dependent function &; is defined by

&= B fe (rao) ®)
=

where 0;; is the angle subtended at atom i by
atoms j and k, gi;(0) is an angular dependent
empirical function. g;(6) and f.(r) are written,
respectively, as

ck ck
i 0 - 1 + - — L 9
£(0) 2Rt —costf O

and
1 r=r,
1 1o 2r—re—ry,
fory={ 3= Asin TS < <o L (10)
0, r=re.

Here, ¢, d and h are species dependent constants, 7,
is the cut-off distance of the potential and r, is the
starting point for smoothing the cut-off. Parameters r.
and r, can also be chosen to depend on the species of the
pair.

If atom j or atom k is the neighbour of atom i,
the motion of atom i could cause the change of B;;, B;; and
Bj;.. To facilitate the derivation of the force on an atom i,
the crystal energy that is dependent upon the location

of atom i is written as

E; = ZN: Vr(rij) — ZBUVA(FU)

J=u j i

- Z Valr) — sz BeVa) (1)

J i1 J ir k=j
i

In equation (11), terms are separated to distinguish

different effects of B, Bj; and Bj_ Differentiating

equation (11) with respect to the position of atom i

_ in 8VR(r,-j)arij_1 i
flu_ Z ar,;,- ar,‘a 4Z

results in the force acting on atom i, equation (12):

J=ih J=i

Valr) [ 1495 | D_gu(G)f e(rin)
=

n;—1

;| M [ofe(ra) i
XYy | Y g Ol o(rie) Z{'grk’ gir( B~
— — L
o =

la

J i 0'1' acos0~,~ 1 in
() S )OOk ’k] 5>

dCos Gjik aria

njj —ﬁij
OV a(ri)ori
i ij)OTij
+, 8ik (O )f (rit) —
ij kzl:lt Jjik ) c\Fi arij aria
k#j
njj 7%1’7—
iy
__Z Valry) | 1495 Zgik(eijk)fc(rjk)
1 i k=i
k]
n,:,-*l
agjk(eljk)
Agjk(eijk)fc(rjk) E felrp)—L——1 2coshyc
k?éj
dcosOij | | 1
X -
o (T2
« J=h
i —L
y 2n[j
14 ﬁ‘g-(a- Y e(rie) OValry)dry
711 k:i]]k ijk ) c\" jk arij aria
k#j
Tk ,#jk,l
in N
N
422 Valrio) [149 Zg,,(ek,»fc(rﬂ)
J=i k 11 k#ll
nj—1
JN
"
Xy E :] (i gj(Okir)
f ery) o 0g;i(0x)0cos b1
X (0 — )L TR
orjj 8 Uk)f)rin Il U)acos(),;,-k or;, (12)
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In equation (12), geometric terms such as dcost;, /ri.
etc. can be expressed as function of atom positions.
Geometric term such as 9cos;i/r;, and 9r;;/r;, are listed
in Appendix. Clearly, the analytical force calculation
using Tersoff potential is relatively more involving than
that using EAM potential. Nevertheless, the application of
equation (12) is still trivial.

3. Analytical stress expressiosns for EAM and Tersoff
potentials

Similar to the previous section, we discuss the analytical
stress equations for EAM and Tersoff potentials. During
atomistic simulation, the size of the computational cell
may be different from its equilibrium size at zero
external stresses. This results in internal normal stresses
for the crystal. Statically, the internal normal stresses in
an « direction can be simply defined by the derivative of
the crystal energy with respect to the crystal length in
the same direction scaled by the area normal to that
direction. However, atom vibration also contributes to
the stresses due to a dynamical effect. Since we are
interested in MD simulations, it is natural to incorporate
this dynamical effects by introducing the stress concept
from Lagrangian formalism of Newton’s equation of
motion.

The classical Newton’s equation of motion for atom i
can be expressed as

fi, = mi¥y, (13)

where 7;_ is the second time derivative of the o coordinate
of atom i, and m; is i’s mass. Equation (12) can be used in
equation (13) for a simple molecular dynamics simulation.
Under periodic boundary conditions with user defined
periodic lengths, equation (13) can be used to solve for the
atom trajectories in a fixed computational crystal cell, but
cannot simulate the effects of stress, the crystal relaxation
under stress and thermal expansion. In many cases such as
multilayer structures, the equilibrium crystal size is not
known. Then the user defined fixed periodic lengths may
be far away from the equilibrium crystal sizes and
fictitious stresses may be introduced. To account for stress
and thermal expansion effects, the dynamic changes of
periodic lengths of the crystal must also be incorporated in
the equation of motion.

In classical mechanics [20], the Newton’s equations of
motion are defined in more general Lagrangian formalism.
Assume that a system has Ny number of independent
degrees of moving freedoms, ¢q1, qa, ..., gn,. A Lagrangian
L, can then be defined as the summation of the kinetic
energy, K, minus the potential energy, U, of all the degrees
of freedom in the system:

Ng Np
L= Zin - Zuq, (14)
i=1 i=1

Newton’s equations of motion, can then be rewritten as
d /oL oL
—(—)——=0,i=1,2,...,Np (15)
dr \9g; 9g;

where ¢ is time derivative of g. Equation (15) can be
related to equation (13). In a free body fall case, for
instance, the only degree of freedom is the height A, and L
can be defined as L = 1/2(mH? — pH), where m and p are
the mass and the weight of the free fall body, and H is the
falling velocity (time derivative of H). Application of
equation (15) then results in —p = mH, which is exactly
equation (13). Because the degree of freedom can include
both atomic positions and periodic length, equation (15)
allows for the incorporation of crystal size (and the
associated stresses) in the equations of motion.

Figure 1 shows a basic computational crystal cell used
in simulation. Let the low bound of the cell be b; and the
high bound be b, , then the (periodic) length of the cell in
the « direction is A, = b;,_ — b; . The crystal volume V
equals AjAzA3, and the equilibrium crystal volume V,
equals Ag Ao, Ag,, Where Ay is the equilibrium crystal
length. To simplify, we take b; as reference positions and
assume them to be fixed during simulation. The change of
A, then comes from the change of b, . We can define
scaled atomic positions s; in the following:

ri — b[
o= ERC 16
i, =7 (16)

The effect of A on the time derivative of s; is negligible
compared to that of r;, and hence,

$i, = a7)

Figure 1. Computational crystal cell.
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Between any two atoms i and j, we have:

r

o
R R
Sja — Sip =

x (18)

A Lagrangian is then defined as [21,22]
1 &

=3 (6 AP + A o+ A9
i=1

1, . .
—E+- (MlAf + MoA +M3A§) — P(V = V)

2
Al — A A — A
- |:V0(0'11 - P)liol-i- Volom — P)M
/\01 )\02
A
+ Vo(osz — P)—%] (19)
)\03

Clearly, the first term is a representation of kinetic energy
of atoms, and the second term E is in fact the total potential
energy of atoms [as described by equations (1) or (4)]. The
third term is introduced to represent the kinetic energy
associated with the change of crystal size (boundary
motion), where M, is an imaginary mass for the boundary in
the a direction. The fourth term, P(V — Vj)), accounts for the
hydrostatic energy due to a volume change under external
pressure, P. The fifth term incorporates the strain energy due
to a normal strain, (A, — Ao,)/Ag,, under the non-
hydrostatic component of the stress, (0., — P) in the «
direction. Here, we separately consider the effect of
hydrostatic and non-hydrostatic stresses. For a given set of
total normal stresses o, , this is done by letting P =

ao’

(0 + 0%, + d%3)/3 and 04 = 0%, — P. By using A, +

aa

Ao, = 2A,, equation (19) can be simplified as
1
L3> (6540 4+ 6 )P+ 5 Ao )
=1

1, . .
~E+3 (M1 +MA+ M3 A3 ) = POV = Vo)

1 z2
—=| Voo —P)—
> olon )/\31
X A3
2
+Vo(on —P)—+Volosz — P)— v (20)
)\02 03

Equation (20) contains (3N 4+ 3) independent degrees
of freedom (3N of s;, and 3 of A,). Operation of equation
(15) on equation (20) with respect to s;, results in the first
set of 3N equations of motion:

fin = 2miAos;,

. ,i=1,2,..,N, a=1,23 (21)

m,‘:S:,'a =
Operation of equation (15) on equation (20) with
respect to A, yields second set of 3 equations:
14 _ (o-aa - P)VO)\a

MaXa = (q)aa —P)—

=1,2,3 (22
)\a /\(Z)n & < ( )

where

A IE RN,
m;S;
Vo, Ve

S
|

a=1,2,3 (23)

aa

Equations (21) and (22) define the equations of motion
for MD simulations under flexible periodic length
conditions. They also define the internal stresses @ .
Clearly the first term in equation (23) is exactly the static
stresses (P),,), and the second term can be viewed as
dynamical stresses (q)ia). &, can balance the external
normal stress o, to achieve equilibrium. Using equation
(1) or (4), d,, can be expressed as

|
,PQZ

- (24)
=1
where for EAM potential
Ao | OFi(p) acp,,(ry) 2
¢, = v YV —Z +mi§; Ao,
J=h
a=1,2,3 (25)

and for Tersoff potential

b, = V{ 2 » VR(rU) BUVA(F”)} +miszi)w},

J=i

a=1,2,3 (26)

The values of ¢; —are associated with individual atom i.
Because summation of ¢; —over all atoms gives the total
internal stresses, ¢; can be viewed as the “atomic stresses”.

Dynamical stresses can be easily calculated. In order to
apply equations (22) and (23), one needs analytical
expressions for static stress ®f,,. For EAM potential, we got

M dE A
@ =_lef  Na
YW Vl.Z

aF(p:) v aa,(r,,)ar,j Zé(p,/(r,])ar,j
ap; ary 0 2 ary 0Ag| (27

J=i
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and for Tersoff potential, we derived

o MOE
PV on 2VZZ

i=1 j=i;

aVR(rlf/')_B'dVA(ry) orj
ar,»j Yoary |0

N

1
B> S v (1) g

lljl]

XZ afc ‘lk)

k#j

+fc(rik)

ark
lk( th) l

0gik(0i)0cos 0jik:|

aCOSGj,‘k a)\a (28)

Again, the geometric terms such as 0cos0;; /Aq and
drij/Aq in equations (27) and (28) are listed in the
Appendix. Both equations (27) and (28) can be easily
applied. By using the equations provided above and in the
Appendix, the (3N + 3) equations of motion, equations
(21) and (22), can be easily solved to get s; [which can be
converted to r;, using equation (16)] and A,, both as a
function of time.

For pair potential composed only of ¢;;, if the dynamical
part is ignored (i.e. assuming O K), then the microscopic
internal stress is reduced to

N
TS 553 e
i=1 y

1I]zl Tij

This is the well known formula for the stress [23]. In this
simple case, we can also write
Fr=— ¢ ii(r) i, — 1,

30
8r,-j V,'j ( )

where f;; represents the & component of the force exerted
on atom i by atom j. Substituting equation (30) into
equation (29), we have:

N
> by, = ZVZZ fii, =] G
i=1 i=1 j=i

It appears that equation (31) can be further simplified as:

Z d)lm)z 2V <Z Zfz,]ar]a + Z Z‘f]’l" l[,(>

J=1i=h i=1 j=i

1
=7 Zf,;,ria (32)
i=1

However, because f;, = 0 at equilibrium, equation (32)
predicts that any equilibrium states would have zero stress,
which is not true when a crystal is equilibrated under the
condition where the periodic lengths of the computational

cell deviate from their equilibrium counterparts. Obviously,
equation (32) is valid using free boundary conditions where
stresses always relax to zero as long as forces relax to zero.
Under periodic boundary conditions where the same atoms
may fall in different cells, only relative value such as r;, —
ri, is definite, and the absolute value such as r;, is not
definite. As aresult, the operation performed in equation (32)
is not valid for such periodic boundary conditions. This
explains why only equation (31), but not equation (32), can
be used to calculate stresses.

4. Numerical force and stress expressions

Forces and static stresses can be calculated numerically
using a central finite difference method. To calculate forces
on an atom i, the crystal energy is viewed as a function of its
coordinates E; = E;(..., i, Fi,, Iy, .. .). A small finite step
length Ar is defined. The « coordinate of atom i is,
respectively, displaced by — Arand Ar. The &« component of
the force acting on atom i can then be evaluated using:

Ei(...,l"l‘u —i—Ar,) —Ei(...,r,-a - AI‘,...)
Ar

Similarly, to calculate stresses, the crystal energy is
viewed as a function of crystal lengths £, = E,(..., Ay,
A2, Az, ...). A small step length AA is defined. The a-th
periodic length is incremented by —AA and AA,
respectively. The static stress @7, is then approximated by

Jin =~ (33)

S —
q)aa -

CAEAC A AN L)~ Ea(Ae — AL
% AX (34)

Equations (33) and (34) are very simple, and are general to
any potentials. However, the values of Ar and AA need to be
very small for equations (33) and (34) to approach analytical
expressions. Because Ar and A\ are in the denominator, this
could cause significant numerical errors and the failure of the
method. The question is if an appropriate set of Ar and A
exists so that the numerical calculations can approach the
results of analytical calculations, and what the appropriate
values for Ar and AA are.

5. Analytical and numerical calculations of
interatomic forces and stresses

As an example, the literature Tersoff potential of Si [9]
was used to compare the analytical and numerical
calculations of forces and stresses. The parameters of the
potential are listed in table 1.

Table 1. Tersoff parameters for Si potential.

D,(eV) s BA ™ r(4) y

n ¢ d h r(A) r(A)

2.66606 1.43165 1.46555 2.29516 1.1x10°°

0.78734 100390 16.217 —-0.59825 2.7 3.0
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A diamond cubic bulk silicon crystal containing 16
(404) planes in the x direction, 24 (040) planes in the y
direction and 16(404) planes in the z direction was used
for the calculations under the periodic boundary
conditions in all three directions. The crystal had a
total number of 1536 atoms. It was initially created by
assigning atom coordinates to equilibrium lattice sites,
and was then further relaxed under flexible periodic
length conditions using an energy minimization process.
To evaluate results under stress states and random
perturbation of atom positions, the crystal was first
uniformly stretched by a strain of 0.005 and then
equilibrated using MD simulations under fixed periodic
length conditions at a temperature of 1000 K for 10 ps.
With this crystal, all force components acting on each of
the atoms and the three normal stresses were calculated
using the analytical method, equations (12) and (28), and
the numerical method, equations (33) and (34). For the
analytical method, we used single precision variables in
the code. Both single and double precision variables were
used for the numerical calculations where the numerical
error can become a serious problem. Numerical
calculations were performed at various step lengths Ar
and A). The same set of calculations was repeated
several times with the initial atom velocities created
using different random number seeds.

A standard deviation (from the analytical calculations)
can be used to quantify the errors of the numerical
calculations. The standard deviation for a given force
component calculated using the numerical method from
that calculated using the analytical method is defined as

S (L - re)?

N (35)

Oy =

where f’; and f are the force component calculated using
the finite difference and analytical methods, respectively.

The average magnitude of the force is calculated as
o Zf\/:l ?al (36)

“ N

The results of o, /f, ratio as a function of step length Ar
are shown in figures 2(a)—(c) for the x, y and z directions
(=1, 2, 3). In figure 2, the five solid lines represent five
separate calculations using double precision variables, and
the five thin dash lines refer to five separate calculations
using single precision variables. Different calculations
provide convincing conclusion for the effects of the step
length on the errors for the numerical calculations of all
force components. For the single precision calculations,
the errors decrease as the step length is decreased from 0.2
to about 0.05 A. However, a further decrease in the step
length causes a sharp increase in the errors. This is
because single precision variables cannot sense the small
change of energy associated with a small change of step
length, and hence result in significant numerical errors.
It can be seen that the least errors that can be achieved by
single precision calculations is around 0.03 at a step length

between 0.04 and 0.08 A. Obviously, single precision
finite difference method cannot be satisfactorily used for
the MD simulations.

For the double precision calculations, all the calcu-
lations show that the errors are continuously reduced when
the step length is reduced. At a step length around 0.001 A,
the results obtained from the numerical method is almost
indistinguishable from those obtained from the analytical
method. Also, it is noticed that single and double precision
calculations merge at large step lengths, indicating the
point where the energy change caused by a large step
length starts to be sensed by single precision variables.

Fractional deviation for a stress component calculated
using the numerical method from that calculated using the

(a) x-component of force

0.20 T T T T T
| — — :single precision calculation
0.16L | : double precision calculation
\
a2 0.121
<)
0.08 p
0.04 ]
0.00
0.00 0.04 0.08 0.12 0.16 0.20
Ar (A)
(b) y-component of force
0.20 T T T T T
| — — :single precision calculation
0.16 L | : double precision calculation |
|
0.12 t
[P |
> A}
© 0.08 |
\
N
0.04 | <
0.00 T . . L
0.00 0.04 0.08 0.12 0.16 0.20
Ar (A)
(c) z-component of force
0.20 T T T T T
— — :single precision calculation
0.16 | l‘ : double precision calculation |
0.12 !
S B ]
°)
0.08 + ‘\ R
7
A “/~
0.04 | NP _
0.00 L L L L
0.00 0.04 0.08 0.12 0.16 0.20

Ar (A)

Figure 2. Force deviation as a function of step length.
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(a) x-component of stress

0.10 T T T T
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Figure 3. Stress deviation as a function of step length.

analytical method is defined as

o
Pia ~ P

Oy = 37
o 7

where @/ and @5 refer to the values of ®S,, calculated
using the finite difference and the analytical methods,
respectively. The results of §, as a function of fractional
step length AA/A, are shown in figures 3(a)—(c) for the x,
y and z directions. Here, the four solid lines represent four
separate calculations using double precision variables, and
the four thin dash lines refer to four separate calculations
using single precision variables. Figure 3 indicates that for

the single precision calculations, the errors are relatively
smoothly reduced as the fractional step length is reduced
from 0.05 to about 0.02. However, when the fractional step
length is below 0.02, the data become noisy, and big
numerical errors can occur. For the entire step length
regime, no satisfactory results can be obtained for the
single precision calculations. Contrarily, the errors for the
double precision calculation are continuously reduced
when the step length is reduced. At a fractional step length
of about 0.001, all calculations show negligible errors for
the numerical method.

6. Conclusions

The analytical calculations of interatomic forces and
stresses in MD simulations rely on the form of particular
interatomic potential, and sometimes can be complicated
and require prolonged developing efforts. A numerical
method can be alternatively used. The numerical method
is simple to implement, and is general to any potentials. It
offers a rapid prototyping approach for both developing
new potentials and testing analytical implementations.
Our detailed studies indicated that such an approach was
successful when double precision variables were used; the
step length for force calculation was around 0.001 A; and
the fractional step length for stress calculation was around
0.001.

Appendix

If r; , rj, and ry, represent coordinates of atoms i, j and k in
the « direction, then the spacing between any two atoms i
and j is

ri = \/(rjl - r,-l)2 + (rj, — riz)2 + (rj, — r,'})2 (A1)

and the angle subtended at atom i by atoms j and k, 6,
can be defined by

cosbx

:(le = ri)re, = ri)+ g, =), = i)+, = ri)(re —riy)

rijrik (AZ)
It is then easy to derive
arj _ ri, — I
ari, rij (A3)
0cos 0k

aria

Qri, =1, = re)riiric—cos O | (ri, — rkn)r%j+(riﬂ - rja)rizk}

i (Ad)

dcosbjix _ (re, —ri)rij— Cosu - rix(rj, —ri,)

(A5)

. 2.
arj, riilik
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and
aCOSGjik . (rja - r,-a)rik - COS@jik . rij(rku - ria) (A6)
o, rirk

Using equation (18), it is also easy to derive:

ory _ oy g, =) _ (=)’ L (A7)
Mo, —ri)  OAa o A
and

acosbjy  dcosby (rj, —ri,)
MNe  0(rj,—1i) g

ocosy o(r, —ri,)
0(re, —ri,)  0Aq

2 2,0 2
2(rj, =i ), =i )riric—Ccos Oy |:rl'j(rk[,_ria) +r (1, —1iy) }

2,2
ririAa (A8)
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