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Analytical and numerical calculations of interatomic forces
and stresses

X. W. ZHOU*

Department of Materials Science and Engineering, University of Virginia, 116 Engineer’s Way, Charlottesville, VA 22904 2 4745, USA

(Received January 2005; in final form March 2005)

Atomistic simulation methods such as molecular dynamics require an efficient calculation of interatomic forces and
stresses from pre–defined interatomic potentials. Both analytical and numerical approaches can be used to do this.
Analytical approach directly calculates forces and stresses using analytical formulae, and can therefore yield accurate
results. However, the force and stress expressions may become extremely complicated as the complexity level of the
potential increases, resulting in a prolonged development cycle to implement new potentials. Numerical approach uses
finite difference method to evaluate forces and stresses through simple calculation of energies at selected perturbations
of crystal configurations. The method can be quickly implemented and tested for any potentials. However, it may result
in significant numerical errors. We have compared analytical and numerical calculations of interatomic forces and
stresses in molecular dynamics, and identified the conditions where numerical method can be successfully used without
significant errors.
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1. Introduction

Molecular dynamics simulations have become powerful

tools for analyzing assembly phenomena encountered

during the vapor phase synthesis of nanostructured

devices and identifying the optimized process conditions

to create desired structures. These studies revealed

phenomena that are difficult to see using experimental

approaches, such as modulated energy deposition effects

on interfaces [1], surfactant–mediated growth [2] and

pin–hole formation during oxidation of ultra–thin Al

layer [3].

A major time spent to develop a MD approach for

simulating complicated material structures lies in the

calculation of interatomic forces and stresses from a

pre–defined interatomic potential. For closely packed

metal systems, the embedded atom method (EAM)

potential initially developed by Baskes and Daw [4] can

be successfully applied [1,2,5]. EAM potentials have

simple analytical equations for forces and stresses. Our

recent potential model [6] combining charge transfer

ionic potential (CTIP) and EAM potential has been

successful to simulate the growth of amorphous AlOx

barrier layer on a magnetic metal alloy surface [3].

However, this CTIP þ EAM potential has not yet

incorporated the angular dependence. As a result, it is

difficult to be fitted to complex oxide crystal structures.

In covalently bonded semiconductor systems such as Si,

Ga and As, etc. the interactions between atoms are

strongly angular dependent. Numerous angular depen-

dent empirical potentials have been developed for these

materials [7–10]. Frequently applied ones include

Tersoff [9] and Stillinger–Weber [10] potentials.

Unfortunately, these potentials still do not contain

sufficient physical insights to allow the relative stability

of a variety of phases to be correctly ordered [11].

Based upon a tight binding approximation to multi–

body quantum mechanics, a theoretically reliable

analytic bond – order potential (BOP) for III – V

covalently bonded semiconductors has been developed

and is being continuously improved [12–18]. Such a

potential was found to describe well the crystal lattices

and the relative order of the cohesive energies of a

variety of Ga, As and GaAs phases [11]. To capture the

complex surface reconstruction of GaAs surfaces, BOP

needs to be combined with an electron counting
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potential (ECP) [19]. While it is thought that more

physics of bonding in material systems can be captured

by using a BOP þ CTIP þ ECP potential, the complex-

ity of the potential format becomes a significant

hindrance for any practical applications. For instance,

the most basic BOP that includes both s and p bonding

as well as promotion energy [17] requires a book to

merely record the analytical expressions for interatomic

forces and stresses derived using Mathematica software

package. As a result, a direct implementation of

analytical force and stress calculation, especially the

validation of the code, can become a significantly

prolonged process. The problem may be compounded

because the potential formats need to be continuously

modified during the initial development stage. A force

and stress calculation approach that can be easily

implemented and validated is, therefore, extremely

helpful to expedite the development of the potential. If

the potential formats are matured and an analytical

implementation of the potential is finally preferred, then

this rapid approach can also help test the analytical

implementation.

A finite difference numerical method based on the

calculations of energies at selected perturbations of

crystal configurations can be used to evaluate interatomic

forces and stresses. This approach can be implemented

and tested rapidly and is almost independent of the

complexity level of the potentials. However, certain

numerical conditions must be satisfied before this

method can produce accurate results. Here, we use

literature Tersoff potential of silicon as an example to

compare analytical and numerical calculations of

interatomic forces and stresses. The conditions

under which the numerical method can yield almost

identical results to those from analytical approach are

identified.

2. Analytical force expressiosns for EAM and Tersoff

potentials

To examine how the analytical calculations change with

the format of potentials, we first discuss the analytical

force expressions derived using EAM and Tersoff

potentials. In EAM, the total energy of a crystal can

be calculated using [4]

E ¼
XN
i¼1

FiðriÞ þ
1

2

XN
i¼1

XiN
j¼i1

wij ðrijÞ ð1Þ

where Fi represents the embedding energy to embed an

atom i into its site in the crystal where the local

background electron density is ri, wij is a pair potential

between atoms i and j separated by a distance rij, N is

the total number of atoms in the system and i1 and iN are

the first (1st) and the last (Nth) neighbor atoms of atom i

(i.e. within a cut–off distance of the potential from

atom i. The electron density at the location of atom i, ri,

can be approximated as a summation of total

contribution from neighboring atoms of atom i:

ri ¼
XiN
j¼i1

ajðrijÞ ð2Þ

where aj refers to the electron density produced by atom

j at the location of atom i. In a crystal, the three force

components acting on a given atom i in the x, y and z

axes arise from the energy derivatives associated with

the motion of atom i in these three directions. Within

EAM formulation, the motion of atom i can cause the

change of embedding energy at locations of both i and j,

and the change of pair energy between i and j. The force

components can be easily derived as

f ia ¼ 2
XiN
j¼i1

›FiðriÞ

›ri

›ajðrijÞ

›rij
þ

›FjðrjÞ

›rj

›aiðrijÞ

›rij
þ

›wijðrijÞ

›rij

� �

�
ria 2 rja

rij

ð3Þ

where a ¼ 1, 2 and 3 refers to x, y and z directions,

and ria represents the a coordinate of atom i. In equation

(3), the first term accounts for the embedding energy

change at the location of atom i, the second term

accounts for the embedding energy change at the

location of atom j, and the third term arises from the pair

potential energy change. Here we can see that the

analytical force calculation for EAM potentials is very

simple.

For Tersoff potential, the total energy of a crystal is

written as [9]

E ¼
1

2

XN
i¼1

XiN
j¼i1

½VRðrijÞ2 BijVAðrijÞ� ð4Þ

Here, two pairwise potentials, VR and VA, are defined,

respectively, by

VRðrijÞ ¼
Deij

Sij 2 1
exp 2bij

ffiffiffiffiffiffiffi
2Sij

p
ðrij 2 reij Þ

� �
f cðrijÞ ð5Þ

and

VAðrijÞ ¼
SijDeij

Sij 2 1
exp 2bij

ffiffiffiffiffi
2

Sij

s
ðrij 2 reij Þ

" #
f cðrijÞ ð6Þ

where De, S, b and re are species (i and j) dependent

constants, and fc(r) is a cut-off smoothing function. The

species dependent function Bij introduces the angular

dependence. Bij is written as

Bij ¼ 1 þ g
nij
ij j

nij
ij

� �2 1
2nij

ð7Þ
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Here g, n are species dependent constants, and the

species dependent function jij is defined by

jij ¼
XiN
k¼i1
k–j

gikðujikÞ f c ðrikÞ ð8Þ

where ujik is the angle subtended at atom i by

atoms j and k, gik(u) is an angular dependent

empirical function. gik(u) and fc(r) are written,

respectively, as

gikðuÞ ¼ 1 þ
c2
ik

d2
ik

2
c2
ik

d2
ik þ ðhik 2 cosuÞ2

ð9Þ

and

f cðrÞ ¼

1 r # rr

1
2
2 1

2
sin pð2r2rc2rrÞ

2ðrc2rrÞ
; rr , r , rc

0; r $ rc

8>><
>>:

9>>=
>>; ð10Þ

Here, c, d and h are species dependent constants, rc
is the cut-off distance of the potential and rr is the

starting point for smoothing the cut-off. Parameters rc
and rr can also be chosen to depend on the species of the

pair.

If atom j or atom k is the neighbour of atom i,

the motion of atom i could cause the change of Bij, Bji and

Bjk. To facilitate the derivation of the force on an atom i,

the crystal energy that is dependent upon the location

of atom i is written as

Ei ¼
XiN
j¼i1

VRðrijÞ2
1

2

XiN
j¼i1

BijVAðrijÞ

2
1

2

XiN
j¼i1

BjiVAðrijÞ2
1

2

XiN
j¼i1

XjN
k¼j1
k–i

BjkVAðrjkÞ ð11Þ

In equation (11), terms are separated to distinguish

different effects of Bij, Bji and Bjk. Differentiating

equation (11) with respect to the position of atom i

results in the force acting on atom i, equation (12):

f ia¼2
XiN
j¼i1

›VRðrijÞ

›rij

›rij

›ria
2

1

4

XiN
j¼i18>><

>>:VAðrijÞ

2
6641þg

nij
ij

0
BB@X

iN

k¼i1
k–j

gikðujikÞf cðrikÞ

1
CCA

nij
3
775
2 1

2nij
21

�

£g
nij
ij

2
664X

iN

k¼i1
k–j

gikðujikÞf cðrikÞ

3
775
nij21XiN

k¼i1
k–j

›f cðrikÞ

›rik
gikðujikÞ

›rik

›ria

�

þf cðrikÞ
›gikðujikÞ

›cosujik

›cosujik

›ria

�9>>=
>>;þ

1

2

XiN
j¼i1

8>><
>>:

2
6641þgnijij

0
BB@X

iN

k¼i1
k–j

gikðujikÞf cðrikÞ

1
CCA

nij
3
775
2 1

2nij

›VAðrijÞ

›rij

›rij

›ria

9>>=
>>;

2
1

4

XiN
j¼i1

8>><
>>:VAðrijÞ

2
6641þg

nij
ij

0
BB@X

iN

k¼i1
k–j

gjkðuijkÞf cðrjkÞ

1
CCA

nij
3
775
2 1

2nij
21

£g
nij
ij

2
664X

jN

k¼i1
k–j

gjkðuijkÞfcðrjkÞ

3
775
nij21XjN

k¼i1
k–j

f cðrjkÞ
›gjkðuijkÞ

›cosuijk

�
›cosuijk

›ria

9>>=
>>;þ

1

2

XiN
j¼i1

8>><
>>:

2
6641þgnijij

0
BB@X

jN

k¼i1
k–j

gjkðuijkÞf cðrjkÞ

1
CCA
nij
3
775
2 1

2nij

›VAðrijÞ

›rij

›rij

›ria

9>>=
>>;

2
1

4

XiN
j¼i1

XjN
k¼i1
k–j

8>><
>>:VAðrjkÞ

2
6641þg

njk
jk

0
BB@X

jN

k¼i1
k–j

gjlðukjlÞf cðrjlÞ

1
CCA

njk
3
775
2 1

2njk
21�

£g
njk
jk

2
664X

jN

k¼i1
k–j

f cðrjlÞgjlðukjlÞ

3
775
njk21

£

2
64›f cðrijÞ

›rij
gjiðuijkÞ

›rij

›ria
þf cðrijÞ

›gjiðuijkÞ

›cosuijk

›cosuijk

›ria

3
75
9>=
>; ð12Þ
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In equation (12), geometric terms such as ›cosujik=ria
etc. can be expressed as function of atom positions.

Geometric term such as ›cosujik=ria and ›rij=ria are listed

in Appendix. Clearly, the analytical force calculation

using Tersoff potential is relatively more involving than

that using EAM potential. Nevertheless, the application of

equation (12) is still trivial.

3. Analytical stress expressiosns for EAM and Tersoff

potentials

Similar to the previous section, we discuss the analytical

stress equations for EAM and Tersoff potentials. During

atomistic simulation, the size of the computational cell

may be different from its equilibrium size at zero

external stresses. This results in internal normal stresses

for the crystal. Statically, the internal normal stresses in

an a direction can be simply defined by the derivative of

the crystal energy with respect to the crystal length in

the same direction scaled by the area normal to that

direction. However, atom vibration also contributes to

the stresses due to a dynamical effect. Since we are

interested in MD simulations, it is natural to incorporate

this dynamical effects by introducing the stress concept

from Lagrangian formalism of Newton’s equation of

motion.

The classical Newton’s equation of motion for atom i

can be expressed as

f ia ¼ mi€ria ð13Þ

where €ria is the second time derivative of the a coordinate

of atom i, and mi is i’s mass. Equation (12) can be used in

equation (13) for a simple molecular dynamics simulation.

Under periodic boundary conditions with user defined

periodic lengths, equation (13) can be used to solve for the

atom trajectories in a fixed computational crystal cell, but

cannot simulate the effects of stress, the crystal relaxation

under stress and thermal expansion. In many cases such as

multilayer structures, the equilibrium crystal size is not

known. Then the user defined fixed periodic lengths may

be far away from the equilibrium crystal sizes and

fictitious stresses may be introduced. To account for stress

and thermal expansion effects, the dynamic changes of

periodic lengths of the crystal must also be incorporated in

the equation of motion.

In classical mechanics [20], the Newton’s equations of

motion are defined in more general Lagrangian formalism.

Assume that a system has NF number of independent

degrees of moving freedoms, q1; q2; :::; qNF
. A Lagrangian

L, can then be defined as the summation of the kinetic

energy, K, minus the potential energy, U, of all the degrees

of freedom in the system:

L ¼
XNF

i¼1

Kqi 2
XNF

i¼1

Uqi ð14Þ

Newton’s equations of motion, can then be rewritten as

d

dt

›L

›_qi

� 	
2

›L

›qi
¼ 0; i ¼ 1; 2; :::;NF ð15Þ

where _q is time derivative of q. Equation (15) can be

related to equation (13). In a free body fall case, for

instance, the only degree of freedom is the height H, and L

can be defined as L ¼ 1=2ðm _H2 2 pHÞ, where m and p are

the mass and the weight of the free fall body, and _H is the

falling velocity (time derivative of H). Application of

equation (15) then results in 2p ¼ m €H, which is exactly

equation (13). Because the degree of freedom can include

both atomic positions and periodic length, equation (15)

allows for the incorporation of crystal size (and the

associated stresses) in the equations of motion.

Figure 1 shows a basic computational crystal cell used

in simulation. Let the low bound of the cell be bla and the

high bound be bha, then the (periodic) length of the cell in

the a direction is la ¼ bha 2 bla. The crystal volume V

equals l1l2l3, and the equilibrium crystal volume V0

equals l01
l02

l03
, where l0a

is the equilibrium crystal

length. To simplify, we take bla as reference positions and

assume them to be fixed during simulation. The change of

la then comes from the change of bha. We can define

scaled atomic positions sia in the following:

sia ¼
ria 2 bla

la
ð16Þ

The effect of l on the time derivative of si is negligible

compared to that of ri, and hence,

_sia <
_ria
la

ð17Þ

λ2

y

z

x

λ3

b
l1 bh1

bl3

bh3

bl2

bh2

λ1

Figure 1. Computational crystal cell.
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Between any two atoms i and j, we have:

sja 2 sia ¼
rja 2 ria

la
ð18Þ

A Lagrangian is then defined as [21,22]

L ¼
1

2

XN
i¼1

mi ð_si1l1Þ
2 þ ð_si2l2Þ

2 þ ð_si3l3Þ
2

� �

2 E þ
1

2
M1

_l
2

1 þM2
_l

2

2 þM3
_l

2

3

� �
2 PðV 2 V0Þ

2 V0ðs11 2 PÞ
l1 2 l01

l01

þ V0ðs22 2 PÞ
l2 2 l02

l02

�

þV0ðs33 2 PÞ
l3 2 l03

l03

�
ð19Þ

Clearly, the first term is a representation of kinetic energy

of atoms, and the second term E is in fact the total potential

energy of atoms [as described by equations (1) or (4)]. The

third term is introduced to represent the kinetic energy

associated with the change of crystal size (boundary

motion), whereMa is an imaginary mass for the boundary in

thea direction. The fourth term,P(V 2 V0), accounts for the

hydrostatic energy due to a volume change under external

pressure,P. The fifth term incorporates the strain energy due

to a normal strain, ðla 2 l0aÞ=l0a ; under the non-

hydrostatic component of the stress, (saa 2 P) in the a

direction. Here, we separately consider the effect of

hydrostatic and non-hydrostatic stresses. For a given set of

total normal stresses st
aa, this is done by letting P ¼

ðst
11 þ st

22 þ st
33Þ=3 and saa ¼ st

aa 2 P. By using la þ

l0a < 2l0a ; equation (19) can be simplified as

L¼
1

2

XN
i¼1

mi ð_si1l1Þ
2þð_si2l2Þ

2þð_si3l3Þ
2

� �
2Eþ

1

2
M1

_l
2

1þM2
_l

2

2þM3
_l

2

3

� �
2PðV2V0Þ

2
1

2
V0ðs112PÞ

l2
1

l2
01

"

þV0ðs222PÞ
l2

2

l2
02

þV0ðs332PÞ
l2

3

l2
03

#
ð20Þ

Equation (20) contains (3N þ 3) independent degrees

of freedom (3N of sia and 3 of la). Operation of equation

(15) on equation (20) with respect to sia results in the first

set of 3N equations of motion:

mi€sia ¼
f ia 22mi

_la_sia
la

; i¼1;2; . . .;N; a¼1;2;3 ð21Þ

Operation of equation (15) on equation (20) with

respect to la yields second set of 3 equations:

Ma
€la¼ðFaa2PÞ

V

la
2
ðsaa2PÞV0la

l2
0a

; a¼1;2;3 ð22Þ

where

Faa¼2
la

V

›E

›la
þ
l2
a

V

XN
i¼1

mi_s
2
ia
; a¼1;2;3 ð23Þ

Equations (21) and (22) define the equations of motion

for MD simulations under flexible periodic length

conditions. They also define the internal stresses Faa.

Clearly the first term in equation (23) is exactly the static

stresses ðFs
aaÞ; and the second term can be viewed as

dynamical stresses ðFd
aaÞ: Faa can balance the external

normal stress sss to achieve equilibrium. Using equation

(1) or (4), Faa can be expressed as

Faa ¼
XN
i¼1

fiaa
ð24Þ

where for EAM potential

fiaa
¼

la

V
2

›FiðriÞ

›la
2

1

2

XiN
j¼i1

›wijðrijÞ

›la
þ mi_s

2
ia
la

" #
;

a ¼ 1; 2; 3 ð25Þ

and for Tersoff potential

fiaa
¼

la

V
2

1

2

XiN
j¼i1

› VRðrijÞ2 BijVAðrijÞ
� �

›la
þ m i_s

2
ia
la

( )
;

a ¼ 1; 2; 3 ð26Þ

The values of fiaa
are associated with individual atom i.

Because summation of fiaa
over all atoms gives the total

internal stresses, fiaa
can be viewed as the “atomic stresses”.

Dynamical stresses can be easily calculated. In order to

apply equations (22) and (23), one needs analytical

expressions for static stressFs
aa. For EAM potential, we got

Fs
aa¼2

la

V

›E

›la
¼2

la

V

XN
i¼1

›FiðriÞ

›ri

XiN
j¼i1

›ajðrijÞ

›rij

›rij

›la
þ

1

2

XiN
j¼i1

›wijðrijÞ

›rij

›rij

›la

" #
ð27Þ
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and for Tersoff potential, we derived

Fs
aa¼2

la

V

›E

›la
¼2

la

2V

XN
i¼1

XiN
j¼i1

›VRðrijÞ

›rij
2Bij

›VAðrijÞ

›rij

� �
›rij

›la

2
la

4V

XN
i¼1

XiN
j¼i1

VAðrijÞ 1þg
nij
ij j

nij
ij

� �2 1
2nij

21

g
nij
ij j

nij21
ij

�
XiN
k¼i1
k–j

›f cðrikÞ

›rik
gikðujikÞ

›rik

›la

�

þf cðrikÞ
›gikðujikÞ

›cosujik

›cosujik

›la

�
ð28Þ

Again, the geometric terms such as ›cosujik=la and

›rij=la in equations (27) and (28) are listed in the

Appendix. Both equations (27) and (28) can be easily

applied. By using the equations provided above and in the

Appendix, the (3N þ 3) equations of motion, equations

(21) and (22), can be easily solved to get sia [which can be

converted to ria using equation (16)] and la, both as a

function of time.

For pair potential composed only of wij, if the dynamical

part is ignored (i.e. assuming 0 K), then the microscopic

internal stress is reduced to

XN
i¼1

fiaa
¼ 2

1

2V

XN
i¼1

XiN
j¼i1

›wijðrijÞ

›rij

ðrja 2 riaÞ
2

rij

� �
ð29Þ

This is the well known formula for the stress [23]. In this

simple case, we can also write

f j;ia ¼ 2
›w ijðrijÞ

›rij

ria 2 rja
rij

ð30Þ

where f j;ia represents the a component of the force exerted

on atom i by atom j. Substituting equation (30) into

equation (29), we have:

XN
i¼1

fiaa
¼ 2

1

2V

XN
i¼1

XiN
j¼i1

f j;ia ðrja 2 ria Þ
� �

ð31Þ

It appears that equation (31) can be further simplified as:

XN
i¼1

fiaa
¼

1

2V

XN
j¼1

XjN
i¼j1

f i;jarja þ
XN
i¼1

XiN
j¼i1

f j;iaria

 !

¼
1

V

XN
i¼1

f iaria ð32Þ

However, because f ia ¼ 0 at equilibrium, equation (32)

predicts that any equilibrium states would have zero stress,

which is not true when a crystal is equilibrated under the

condition where the periodic lengths of the computational

cell deviate from their equilibrium counterparts. Obviously,

equation (32) is valid using free boundary conditions where

stresses always relax to zero as long as forces relax to zero.

Under periodic boundary conditions where the same atoms

may fall in different cells, only relative value such as rja 2

ria is definite, and the absolute value such as ria is not

definite. As a result, the operation performed in equation (32)

is not valid for such periodic boundary conditions. This

explains why only equation (31), but not equation (32), can

be used to calculate stresses.

4. Numerical force and stress expressions

Forces and static stresses can be calculated numerically

using a central finite difference method. To calculate forces

on an atom i, the crystal energy is viewed as a function of its

coordinates Ei ¼ Eið. . .; ri1 ; ri2 ; ri3 ; . . .Þ: A small finite step

length Dr is defined. The a coordinate of atom i is,

respectively, displaced by2Dr andDr. Thea component of

the force acting on atom i can then be evaluated using:

f ia ¼ 2
Eið. . .; ria þ Dr; . . .Þ2 Eið. . .; ria 2 Dr; . . .Þ

Dr
ð33Þ

Similarly, to calculate stresses, the crystal energy is

viewed as a function of crystal lengths El ¼ El(. . ., l1,

l2, l3, . . .). A small step length Dl is defined. The a-th

periodic length is incremented by 2Dl and Dl,

respectively. The static stress Fs
aa is then approximated by

Fs
aa ¼

2
la

V

Elð. . .; la þ Dl; . . .Þ2 Elð. . .; la 2 Dl; . . .Þ

Dl ð34Þ

Equations (33) and (34) are very simple, and are general to

any potentials. However, the values of Dr and Dl need to be

very small for equations (33) and (34) to approach analytical

expressions. BecauseDr and Dl are in the denominator, this

could cause significant numerical errors and the failure of the

method. The question is if an appropriate set of Dr and Dl

exists so that the numerical calculations can approach the

results of analytical calculations, and what the appropriate

values for Dr and Dl are.

5. Analytical and numerical calculations of

interatomic forces and stresses

As an example, the literature Tersoff potential of Si [9]

was used to compare the analytical and numerical

calculations of forces and stresses. The parameters of the

potential are listed in table 1.

Table 1. Tersoff parameters for Si potential.

De(eV) S b(Å 21) re(Å) g n c d h rr(Å) rc(Å)

2.66606 1.43165 1.46555 2.29516 1.1 £ 1026 0.78734 100390 16.217 –0.59825 2.7 3.0
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A diamond cubic bulk silicon crystal containing 16

ð40�4Þ planes in the x direction, 24 (040) planes in the y

direction and 16(404) planes in the z direction was used

for the calculations under the periodic boundary

conditions in all three directions. The crystal had a

total number of 1536 atoms. It was initially created by

assigning atom coordinates to equilibrium lattice sites,

and was then further relaxed under flexible periodic

length conditions using an energy minimization process.

To evaluate results under stress states and random

perturbation of atom positions, the crystal was first

uniformly stretched by a strain of 0.005 and then

equilibrated using MD simulations under fixed periodic

length conditions at a temperature of 1000 K for 10 ps.

With this crystal, all force components acting on each of

the atoms and the three normal stresses were calculated

using the analytical method, equations (12) and (28), and

the numerical method, equations (33) and (34). For the

analytical method, we used single precision variables in

the code. Both single and double precision variables were

used for the numerical calculations where the numerical

error can become a serious problem. Numerical

calculations were performed at various step lengths Dr

and Dl. The same set of calculations was repeated

several times with the initial atom velocities created

using different random number seeds.

A standard deviation (from the analytical calculations)

can be used to quantify the errors of the numerical

calculations. The standard deviation for a given force

component calculated using the numerical method from

that calculated using the analytical method is defined as

sa ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiPN
i¼1 ðf

f
ia
2 f aiaÞ

2

N

s
ð35Þ

where f
f
ia

and f aia are the force component calculated using

the finite difference and analytical methods, respectively.

The average magnitude of the force is calculated as

�fa ¼

PN
i¼1 jf

a
ia
j

N
ð36Þ

The results of sa=�fa ratio as a function of step length Dr

are shown in figures 2(a)–(c) for the x, y and z directions

(a ¼ 1, 2, 3). In figure 2, the five solid lines represent five

separate calculations using double precision variables, and

the five thin dash lines refer to five separate calculations

using single precision variables. Different calculations

provide convincing conclusion for the effects of the step

length on the errors for the numerical calculations of all

force components. For the single precision calculations,

the errors decrease as the step length is decreased from 0.2

to about 0.05 Å. However, a further decrease in the step

length causes a sharp increase in the errors. This is

because single precision variables cannot sense the small

change of energy associated with a small change of step

length, and hence result in significant numerical errors.

It can be seen that the least errors that can be achieved by

single precision calculations is around 0.03 at a step length

between 0.04 and 0.08 Å. Obviously, single precision

finite difference method cannot be satisfactorily used for

the MD simulations.

For the double precision calculations, all the calcu-

lations show that the errors are continuously reduced when

the step length is reduced. At a step length around 0.001 Å,

the results obtained from the numerical method is almost

indistinguishable from those obtained from the analytical

method. Also, it is noticed that single and double precision

calculations merge at large step lengths, indicating the

point where the energy change caused by a large step

length starts to be sensed by single precision variables.

Fractional deviation for a stress component calculated

using the numerical method from that calculated using the

Figure 2. Force deviation as a function of step length.
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analytical method is defined as

da ¼
Fs;f

aa 2Fs;a
aa

Fs;a
aa

ð37Þ

where Fs;f
aa and Fs;a

aa refer to the values of Fs
aa calculated

using the finite difference and the analytical methods,

respectively. The results of da as a function of fractional

step length Dl=la are shown in figures 3(a)–(c) for the x,

y and z directions. Here, the four solid lines represent four

separate calculations using double precision variables, and

the four thin dash lines refer to four separate calculations

using single precision variables. Figure 3 indicates that for

the single precision calculations, the errors are relatively

smoothly reduced as the fractional step length is reduced

from 0.05 to about 0.02. However, when the fractional step

length is below 0.02, the data become noisy, and big

numerical errors can occur. For the entire step length

regime, no satisfactory results can be obtained for the

single precision calculations. Contrarily, the errors for the

double precision calculation are continuously reduced

when the step length is reduced. At a fractional step length

of about 0.001, all calculations show negligible errors for

the numerical method.

6. Conclusions

The analytical calculations of interatomic forces and

stresses in MD simulations rely on the form of particular

interatomic potential, and sometimes can be complicated

and require prolonged developing efforts. A numerical

method can be alternatively used. The numerical method

is simple to implement, and is general to any potentials. It

offers a rapid prototyping approach for both developing

new potentials and testing analytical implementations.

Our detailed studies indicated that such an approach was

successful when double precision variables were used; the

step length for force calculation was around 0.001 Å; and

the fractional step length for stress calculation was around

0.001.

Appendix

If ria ; rja and rka represent coordinates of atoms i, j and k in

the a direction, then the spacing between any two atoms i

and j is

rij ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðrj1 2 ri1 Þ

2 þ ðrj2 2 ri2 Þ
2 þ ðrj3 2 ri3Þ

2

q
ðA1Þ

and the angle subtended at atom i by atoms j and k, ujik;
can be defined by

cosujik

¼
ðrj12ri1Þðrk1

2ri1 Þþðrj22ri2Þðrk2
2ri2 Þþðrj32ri3Þðrk3

2ri3 Þ

rijrik ðA2Þ

It is then easy to derive

›rij

›ria
¼

ria 2 rja
rij ðA3Þ

›cosujik

›ria

¼
ð2ria2rja2rka Þrijrik2cosujik ðria2rkaÞr

2
ijþðria2rja Þr

2
ik

h i
r2
ijr

2
ik ðA4Þ

›cosujik

›rja
¼
ðrka2ria Þrij2cosujik�rikðrja2ria Þ

r2
ijrik

ðA5Þ

Figure 3. Stress deviation as a function of step length.
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and

›cosujik

›rka
¼
ðrja2ria Þrik2cosujik�rijðrka2riaÞ

rijr
2
ik

ðA6Þ

Using equation (18), it is also easy to derive:

›rij

›la
¼

›rij

›ðrja 2 ria Þ

›ðrja 2 ria Þ

›la
¼

ðrja 2 riaÞ
2

rij

1

la
ðA7Þ

and

›cosujik

›la
¼

›cosujik

›ðrja2ria Þ

›ðrja2ria Þ

›la

þ
›cosujik

›ðrka2ria Þ

›ðrka2ria Þ

›la

¼
2ðrja2ria Þðrka2ria Þrijrik2cosujik r2

ijðrka2ria Þ
2þr2

ikðrja2ria Þ
2

h i
r2
ijr

2
ikla ðA8Þ
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